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A set of words X over a finit alphabet A is said to be unavoidable if all but finitel many words in
A∗ have a factor in X . We examine the problem of calculating the cardinality of minimal unavoidable
sets of words of uniform length; we correct an error in [8], state a conjecture offering a formula for the
minimum size of these so called n-good sets for all values of n, and show that the conjecture is correct
in an infinit number of cases. C© 2002 Elsevier Science (USA)
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1. INTRODUCTION
A set of words X over a finit alphabet A is said to be unavoidable if all but finitel many words
in A∗ have a factor in X , or equivalently all infinit and bi-infinit words have a factor in X (see [1]).
By An we denote all words over A of length n and for the minimum cardinality of an n-good set, that
is an unavoidable set of words of length n over a k-letter alphabet, we write α(k, n). A word w is said
to be primitive if w is not a proper power. Let w = a1 . . . an ∈ A+, the free semigroup on A. Let
wt = at+1at+2 . . . ana1 . . . at (t = 0, 1, . . . , n − 1) denote the cyclic conjugate of w, where subscripts
are calculated modulo n. Let F(w) stand for the set of all factors of w and Fn(w) the set of all factors of
w of length n. Finally, defin c(w), the content of w ∈ A∗k , to be c(w) = {a ∈ A : |w|a ≥ 1}. In general
we follow the notation set out in [3] and [4].
The study of unavoidable sets was introduced by M. P. Schu¨tzenberger in 1964 in this journal
(see [8]) in which he showed amongst other things that:
lim
max{n,k}→∞
nα(k, n)
kn
= 1. (1)
The proof Schu¨tzenberger offers for this result is slightly fl wed, but the result itself is sound.1 Since
that paper a number of other results about unavoidable sets have been proved including several methods
for determining whether or not a set is unavoidable; see, for example, [1, 2, 4, 7]. However, the question
as to what is the minimum cardinality of n-good sets (for all positive integers n over alphabets of any
size k) remains an open problem and the focus of this paper.
2. THE CARDINALITY OF MINIMAL N -GOOD SETS
Throughout this paper, unless otherwise stated, all sets we consider will be subsets of An (for some
n ≥ 1). Any n-good set X must have a representative from each of the cyclic conjugacy classes of
words of length n, as if any class does not have a representative then uω(where u is any word from the
unrepresented conjugacy class) will be an infinit word avoiding X , and thus X is not unavoidable. This
also allows us the important observation that if X is an unavoidable set which is conjugate-free, that is
it contains no two distinct conjugates, then X is minimal unavoidable and of least possible cardinality.
1 The true form of the recursion definin {un} in the proof of (1) is given by u3 = 32k and un+1 = 1k (( n+1n )un + n+1n(n−1) ).
222
0890-5401/02 $35.00
C© 2002 Elsevier Science (USA)
All rights reserved.
UNAVOIDABLE SETS OF WORDS OF UNIFORM LENGTH 223
Remark. Not all minimal n-good sets have the same cardinality, and therefore not all are conjugate-
free. Consider the following two 4-good sets:
X1 = {a4, (ab)2, a3b, b2ab, ba2b, b4}
X2 = {a4, a3b, ba2b, (ba)2, ab2a, ab3, b4}.
Using any of the algorithms from the mentioned references (e.g., derivations in [4]) we may verify
that both these sets are minimal 4-good, yet have different cardinalities. It is easy to see that neither of
the conjugate pair ab2a and ba2b in X2 can be removed as (abb)ω avoids X2\{ab2a} and (baa)ω avoids
X2\{ba2b}.
In [3] Perrin showed that the number of primitive words of length n over a k-letter alphabet (denoted
ψk(n)) is given by ψk(n) = 1n
∑
d|n µ(d)kn/d , where µ denotes the Mobius function.
Using this result we can calculate the number of conjugacy classes (denoted c(k, n)). Again, put
|A| = k and consider the set of all words of length n. We have:
c(k, n) =
∑
d|n
ψk(d) =
∑
d|n
1
d
∑
e|d
k
d
e µ(e) =
∑
d|n
∑
e|d
k de µ(e)
d
. (2)
On the other hand, writing φ for the Euler φ-function:
1
n
∑
d|n
k
n
d φ(d) = 1
n
∑
d|n
k
n
d
∑
e|d
dµ(e)
e
asφ(d) =
∑
e|d
dµ(e)
e
, see [5]
=
∑
d|n
∑
e|d
k nd µ(e)
d ′e
where dd ′ = n or d ′ = n
d
=
∑
d ′|n
∑
e|d
kd ′µ(e)
d ′e
=
∑
ed ′︸︷︷︸
r
|n
kd ′µ(e)
d ′e︸︷︷︸
r
=
∑
e|r |n
k re µ(e)
r
=
∑
d|n
∑
e|d
k de µ(e)
d
, (3)
which, comparing (2) and (3), yields the following result:
Result.
c(k, n) = 1
n
∑
d|n
k
n
d φ(d).
LEMMA 2.1 (Minimum bound lemma). If X is an n-good set then:
|X | ≥ 1
n
∑
d|n
k
n
d φ(d),
which leads us to the following conjecture:
Conjecture 1.
α(k, n) = 1
n
∑
d|n
k
n
d φ(d) = c(k, n).
In particular, there exists a conjugate-free n-good set, for any n ≥ 1 and finite alphabet A.
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Remark. From Result 2.1 we get that c(2, 5) = 8 while it is stated in [8] that α(2, 5) = 9. This was
an error, for consider the set of 8 words:
X (2,5) = {a5, b5, a4b, b2ab2, aba2b, babab, b2a2b, ba3b} ⊆ {a, b}5.
X (2,5) is 5-good, for letw be a doubly inf nite word over A = {a, b} and let t be the greatest power of
a in w (t may be inf nite). Then w has a factor a5 if t ≥ 5 and b5 if t = 0; w has a factor a4b if t = 4,
ba3b if t = 3, and b2a2b or aba2b if t = 2. Finally, if t = 1, w has either the factor b2ab2 or aba; in
the latter case babab occurs in w and therefore X (2,5) is unavoidable.
While the problem represented in our conjecture is still open, we can go someway towards answering
it by showing that Conjecture 1 holds in an inf nite number of special cases.We proceed via the following
results:
PROPOSITION 2.1. Let Ak = {a1, a2, . . . , ak} be a k-letter alphabet (k ≥ 1) and let f : A∗k+1 → A∗k
be the surjective morphism induced by ai → ai (∀i ≤ k) and ak+1 → ak. If G is an unavoidable set
over Ak then f −1(G) is unavoidable over Ak+1.
Proof. Extend f to amorphismof (one-sided) inf nitewords over Ak+1 and letw = b1b2 . . . ∈ Aωk+1.
Then f (w)= f (b1) f (b2) . . . ∈ Aωk so there exists g ∈ G such that g = f (bi ) f (bi+1) . . . f (b j ) say, for
some 0 ≤ i ≤ j . Then b = bi bi+1 . . . b j ∈ f −1(g) and so F(w) ∩ f −1(G) = ∅.
Since the morphism f preserves length we have the following:
COROLLARY 2.1. If f, Ak, Ak+1, and G are defined as above with the extra condition that G ⊆ Ank ,
then f −1(G) is in Ank+1 and is also an n-good set.
LEMMA 2.2. Let G be an n-good set over an alphabet A and let w be a one-sided infinite word, not
of the form uaω (u ∈ A∗, a ∈ A). Then w meets G\{an}.
Proof. If w is not of the form uaω, and w has an inf nite tail v over A\{a}, we have that v meets
G\{an}, and therefore so does w. If, however, w does not have such a v as an inf nite tail then the letter
a must occur inf nitely often in w, so w has the form:
w = u1am1u2am2u3am3 . . . ,
where u1 ∈ {A\{a}}∗ , ui ∈ {A\{a}}+ for all i ≥ 2, m j ≥ 1. Now, from w we create a new word w′
obtained from w by reducing each am j where m j ≥ n to an−1, yielding the following word
w′ = u1am ′1u2am ′2u3am ′3 . . . ,
where 1 ≤ m ′j ≤ n − 1 for all j . Since G is n-good, G meets w′; moreover, G\{an} meets w′ as
an /∈ F(w′); but if G\{an} meets w′ then G\{an} also meets w as Fn(w′) ⊆ Fn(w), giving us the
desired result.
Remark. For the next theorem we make use of the fact that any word w of prime length n is either
primitive or of the form an (a ∈ A) as if w = bm with m maximun then clearly m | n, but as n is prime
we have that m is either 1, in which case w = b1 and is primitive, or n, in which case w = an (a ∈ A).
THEOREM 2.1. Let f : A∗k+1 → A∗k be the morphism of Proposition 2.1. If G is a conjugate-free
n-good set over Ak (k ≥ 2) where n is prime then f −1(G) contains a conjugate-free n-good set over
Ak+1.
Proof. Taking the function f as described in Proposition 2 we know that f −1(G) is an n-good set
so we only have to show that it can be cut down to a conjugate-free n-good set G ′. First observe that f
commutes with conjugation: for u ∈ A∗k+1, by def nition of f , ( f (u))r = f (ur ).
Take u ∈ f −1(x), v ∈ f −1(y), where x, y ∈ G\{ank }. If u = vr (0 ≤ r ≤ n − 1) then x = f (u) =
f (vr ) = ( f (v))r = yr , but as G is conjugate-free we get x = y and either x is primitive, in which case
r = 0, or x = ani (1 ≤ i ≤ k−1); in either case u = v. Hence no two distinct words u, v ∈ f −1(G\{ank })
are conjugate. Further, since c(u) ⊆ {ak, ak+1} and f −1(ank ) = {ak, ak+1}n it follows that any such u is
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not conjugate to any other member of f −1(G). Therefore we infer that any pair of distinct conjugates in
f −1(G) lies in f −1(ank ). Howeverwemay cut down f −1(G) to a conjugate-free n-good setG ′ as follows:
G ⊆ f −1(G) and G contains a conjugate-free n-good set G1 over {a1, a2}; consider the isomorphism
ι : {a1, a2}∗ → {ak, ak+1}∗ induced by a1 → ak , a2 → ak+1; ιmaps G1 into f −1(ank ) = {ak, ak+1}n and
we cut down f −1(ank ) to ι (G1). This gives a conjugate-free set G ′ = f −1(G\{ank })∪ ι (G1) ⊂ f −1(G).
Let w = b1b2. . .∈Aωk+1, and consider f (w). If f (w) has the form uaωk (u ∈ A∗k ) then w ends in a
word over {ak, ak+1} and so meets ι(G1) ⊂ G ′. Otherwise, by Lemma 2.2, f (w) meets G\{ank } so that
f (bi bi+1 . . . bi+n−1) ∈ G\{ank }, say, whereupon bi bi+1 . . . bi+n−1 ∈ F(w)∩ f −1(G\{ank }) ⊆ G ′. Hence,
in any case, w meets G ′ which is a conjugate-free n-good set.
COROLLARY 2.2. Given a conjugate-free n-good set where n is prime over a two-letter alphabet we
can construct a conjugate-free n-good set over a k-letter alphabet for any k ≥ 2.
Despite the fact that the proof of Theorem 2.1 does not work for n-good sets when n is composite
we can show that α(k, 4) = c(k, 4):
Result 2.2.
α(k, 4) = k
4
(k3 + k + 2) = c(k, 4).
Proof. We shall construct a conjugate-free 4-good setG as the disjoint union of f ve setsG0, . . . , G4
that will be def ned over an (ordered) alphabet A = {a1 < a2 < · · · < ak} as the argument proceeds.
Let G0 = {a4j : 1 ≤ j ≤ k} and let w be a one-sided inf nite word over the alphabet A such that a j
is the maximum letter to appear in w. Suppose w does not meet G0. Without loss we can assume that
every letter, including a j , occurs inf nitely often in w, as if this is not the case consider a tail of w in
which all letters occur inf nitely often and apply the argument to that tail. Therefore w has a factor of
the form a jw1 such that a j does not occur in w1. Suppose that the longest such factor w1 is such that
|w1| ≥ 3; then the pref x of length 4 of a jw1 occurs in:
G1 = {a j ai alam : 1 ≤ j ≤ k, i, l, m ≤ j − 1}.
Suppose that the longest factor w1 is of length 2. Then a jw1 is a member of:
G2 = {a j ai ala j : 1 ≤ j ≤ k, i, l ≤ j − 1}.
Suppose that the longest factorw1 is a single letter. Then, as we show below,w has a factor inG3∪G4:
G3 =
{
a j ai a2j : 1 ≤ j ≤ k, i ≤ j − 1
}
G4 = {a j ai a j al : 1 ≤ j ≤ k, l ≤ i ≤ j − 1}.
Suppose that w avoids G0 ∪ G1 ∪ G2 ∪ G3. Let a j ai be the maximum two-letter factor in F2(w) in
the lexicographic order on A∗ which is not a square. Then a j ai must be followed by a j al , for some
l ≤ i ≤ j − 1 in which case w meets G4. Hence G is unavoidable. But, by inspection G is also
conjugate-free, and so α(k, 4) = c(k, 4).
The following, consistent with the conjecture, were observed by Schu¨tzenberger in [8]:
Result 2.3.
α(1, n) = 1; α(k, 1) = k; α(k, 2) = k
2
(k + 1).
Note. For the following results we are working with A = {a, b}. The verif cation of the unavoid-
ability of the sets stated below can be checked with any of the algorithms from the references mentioned
earlier.
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Result 2.4.
α(2, 3) = 4 = c(2, 3), e.g., X(2,3) = {a3, aba, b2a, b3}.
α(2, 5) = 8 = c(2, 5), e.g., X (2,5) = {a5, a4b, b2ab2, aba2b, babab, b2a2b, ba3b, b5}.
α(2, 6) = 14 = c(2, 6), e.g.:
X (2,6) = {a6, a4ba, a4b2, (aba)2, aba2b2, ba3ba, ba3b2, b2a2ba, b2a2b2, (b2a)2, b2ab3, (ba)3,
(ba)2b2, b6}.
α(2, 7) = 20 = c(2, 7), e.g.:
X (2,7) = {a7, a3ba3, a3b2a2, a2baba2, ab3a3, a2ba2ba, abab2a2, a2b2aba, b4a3, ba2b2a2, (ab)3a,
ab3a2b, (abb)2a, ab3aba, b4a2b, (bab)2a, b4aba, b(bba)2, b3ab3, b7}.
Note. The set X (2,7) was discovered by D. Perrin (private communication) and in [6] it is noted that
Guoniu Han has found sets showing that α(2, 8) = 36 = c(2, 8) and that α(2, 9) = 60 = c(2, 9).
The existence of the sets given in Result 2.4 along with Result 2.2, Corollary 2.2, and Result 2.1
gives us the following theorem:
THEOREM 2.2.
α(k, n) = c(k, n) for all k if n = 1, 2, 3, 4, 5, 7.
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